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Abstract. We propose to consider lattice monopoles in gluo dynamics as 
continuum monopoles blocked to the lattice. In this approach the lattice 
is associated with a measuring device consisting of finite-sized detectors 
of monopoles (lattice cells). Thus a continuum monopole theory defines 
the dynamics of the lattice monopoles. We apply this idea to the static 
monopoles in high temperature gluodynamics. We show that our suggestion 
allows to describe the numerical data both for the density of the lattice 
monopoles and for the lattice monopole action in terms of a continuum 
Coulomb gas model. 

* Presented by the first author at the NATO Advanced Research Workshop 
"Confinement, Topology, and other Non-Perturbative Aspects of QCD", 
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1. Introduction 

One of the most successful approaches to the confinement phenomena in 
QCD is the based on the so-called dual superconductor mechanism [1]. 
The key role in the mechanism is played by Abelian monopoles which are 
identified with the help of the Abelian projection method [2] based on 
the partial gauge fixing of non-Abelian gauge symmetry up to a residual 
Cartan (Abelian) subgroup. The monopoles appear in the theory due to 
compactness of the Cartan subgroup. According to the numerical results [3] 
the monopoles are condensed in the low temperature (confinement) phase. 
The condensation of the monopoles leads to formation of the chromoelectric 
string which implies confinement of color. The importance of the Abelian 
monopoles is stressed by the Abelian dominance phenomena which was 
first observed in the lattice SU(2) gluodynamics. In the so-called Maximal 
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Abelian projection the monopoles make a dominant contribution to the 
zero temperature string tension [4]. At high temperatures, (deconfinement 
phase) the monopoles are responsible for the spatial string tension [5]. 

We propose to describe the dynamics of the Abelian monopoles in the 
SU(2) gluodynamics considering the lattice as a kind of a "monopole de- 
tector". For the sake of simplicity we are working in the deconfinement 
phase dominated by static monopoles while monopoles running in spatial 
directions are suppressed. We investigate the physics of the static monopole 
currents which is effectively three dimensional. 



2. Ideology 

We suppose that the lattice with a finite lattice spacing b is embedded in 
the continuum space-time. Each lattice cell, C s , detects the total magnetic 
charge, k s , of " continuum" monopoles inside it: 

k s = fd 3 xp(x), p(x) = Y,Qa6 ia Hx-x^), (1) 

L 

where p is the density of the continuum monopoles, q a and x a is the posi- 
tion and the charge (in units of a fundamental magnetic charge, qm) of o th 
continuum monopole. We stress the difference between continuum and lat- 
tice monopoles: the continuum monopoles are fundamental objects while 
the lattice monopoles are associated with non-zero magnetic charges of 
continuum monopoles located inside lattice cells, k s ^ 0. 

Before going into details we mention that our approach is similar to 
the blocking of the monopole degrees of freedom from fine to coarser lat- 
tices [6], which allows to define perfect quantum actions for topological 
defects. Another similarity can be observed with ideas of Ref. [7] where the 
blocking of the continuum fields to the lattice was proposed. Our approach 
is based on blocking of the continuum topological defects to the lattice, and, 
as a result, is more suitable for the investigation of the lattice monopoles. 
Indeed, blocking of the fields [7] leads to non-integer lattice magnetic cur- 
rents which makes a comparison of the numerical results with the analytical 
predictions difficult. 

Below we show that properties of the Abelian lattice monopoles - found 
in numerical simulations of hot SU (2) gluodynamics - can be described 
by the continuum blocking proposed above. Suppose the dynamics of the 
continuum monopoles in the high temperature gluodynamics is governed 
by the standard 3-D Coulomb gas model: 
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where ( is the so-called fugacity parameter and D(x) is the inverse Lapla- 
cian in continuum. In this simple model the continuum monopoles are sup- 
posed to be point -like while the monopole core in SU (2) gluodynamics 
is of a finite size [8]. However our results presented below show that this 
simplification works at high temperatures. 

Below we choose the v.e.v. of the continuum monopole density, p, and 
the Debye mass, mp, as suitable parameters of the continuum model (in- 
stead of gu and Q. In the leading order of the dilute gas approximation 
we have [9]: p = 2( and mn = gutV^C- It is worth mentioning that the 3D 
Debye mass corresponds to a magnetic screening mass in four dimensions. 

We are interested in basic quantities characterizing the lattice mono- 
poles: the v.e.v. of the squared magnetic charge, (kg), and the monopole 
action, S mon (k). In addition to the parameters of the continuum model both 
these quantities should depend on the lattice monopole size, b. Note that we 
study the quantity (kg) instead of the density, (|fe s |), since the analytical 
treatment of the density is difficult. However philosophically both these 
quantities are equivalent. 

In the dilute gas approximation we get [10]: 

(k?)(b)=pb 3 -P(b/\ D ,L), 
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where L is the lattice size. The scale for the monopole size is given by the 
(magnetic) Debye screening length, Xd = l/mp. In a leading order we get 
for small and large lattice cubes: 

<«>w={ lit < 3 > 

This expression is written in a thermodynamic limit where C ~ 2.94. 

Analogously we may derive an effective action for the monopoles. Sub- 
stituting the unity, 

1 = II E 5 ( k s~ I d 3 xp(x)), (4) 

into the Coulomb gas partition function (2) and integrating over all con- 
tinuum monopoles we get in the dilute gas approximation [10]: 

Z = J2e' S -" {k \ S mon (k) = -^J2 k ^s,Ab/X D )k s , , 

ke% p s,s' 
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where we omit higher-order corrections. According to this equation the 
leading order contribution to the monopole action is quadratic in monopole 



Similarly to the density of the squared monopole charge the monopole 
action depends on the ratio b/Xp: 



where D StS i is the inverse Laplacian on the lattice. Leading contribution 
to the monopole action is given by the massive (Coulomb) terms for small 
(large) lattice monopoles. 

3. Analytics vs. Numerics 

To study numerically the monopoles of various lattice sizes we use the 
extended monopole construction [11]. The size of the extended monopole 
is b = na, where n is the lattice blocking size and a is the lattice spacing of 
the fine lattice on which the fields of the SU(3) gluodynamics are defined. 
We study only the static components, k^, of the AD monopole currents, k^. 
The lattice blocking is performed only in spatial directions, n s = 1 . . . 8. We 
simulate SU{2) gluodynamics on the lattices 48 3 x L t with L t = 4 ... 12 
at temperatures T/T c = 1.6... 4. 8. The size of the lattice monopoles is 
measured in terms of the zero temperature string tension, or=o- 

First we check the density of squared lattice monopole charge vs. lat- 
tice monopole size, b, Figure 1. According to eq.(3) the function (k 2 (b))/b 2 
must vanish at small monopole sizes and tend to constant at large b. This 
behaviour can be observed in our numerical data, Figure 1, up to some 
jumps for densities with different n s . We ascribe these jumps to the lattice 
artifacts emerged due to finiteness of the fine lattice spacing, a, and finite 
volume effects. In Figure 1 the monopole size, b, is measured in units of the 
zero string tension, &t=o- The large-fe asymptotics of (k 2 (b)}/b 2 is approx- 
imated by averaging of the appropriate n s = 8 data. According to eq.(3) 
the large-6 asymptotics can be used to extract the dimensionless quantity, 
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Figure 1. The ratio of the squared magnetic charge density and b 2 , (k 2 (b))/b 2 , vs. lattice 
monopole size, b, at (a) T = 1.6 T c and (b) T = 4.8 T c . 



which is discussed in the next Section. 

The monopole action for the static monopole currents, k s = k s ^, at high 
temperatures was found numerically in Ref. [12]. The leading order terms 
in the action are quadratic: 

Smon{k) = fi Si(k) , (7) 

i 

where Si are two-point operators of the monopole charges (see Ref. [12] 
for details). An example of the monopole action for certain parameters is 
shown in Figure 2(a). In the same Figure we show the fitting of the action 
by the Coulomb action, 

S m on{k) =Cc-^2k s D S:S ,k s > , (8) 

s,s' 

which follows from eq.(5). Here Cq is the fitting parameter. This one- 
parametric fit works almost perfectly. 

According to eq.(5) the pre-Coulomb coefficient Cc(b,T) at sufficiently 
large monopole size , b » Xrj, must scale as follows: 

C c (b,T) = R(T)-b-\ (9) 

where R is defined in eq.(6). We present the data for the pre-Coulomb 
coefficient and the corresponding one-parameter fits (9) in Figure 2(b). 
The agreement between the data and the fits is very good. 
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Figure 2. (a) Two-point coupling constants, /;, of the monopole action vs. the dis- 
tance between the lattice points, r (in lattice units). The numerical data corresponds 
to T = 1.6T C , n a — 6 and various spatial spacings, a s , of the fine lattice. The fits by 
the Coulomb interaction (8) are visualized by the dashed lines, (b) The pre-Coulomb 
coupling Cc and the fits of Cc by eq. (9) are shown for various temperatures, T. 



4. Check of Coulomb gas picture 

In this Section we present our results for the quantity R, eq.(6), which we 
have obtained both from the large-6 behaviour of the density (k 2 (b)} and 
from the monopole action (in these cases we call the quantity R as R p and 
Ract-, respectively). From a numerical point of view the quantities R p and 
R ac t ar e independent. Thus a natural condition of a self-consistency of our 
approach is R p = R ac t- We check the self-consistency in Figure 3(a) plotting 
the ratio of these quantities. It is clearly seen that the ratio is independent 
on the temperature and very close to unity, as expected. The details of our 
calculations and further discussions will be presented in Ref. [10]. 
Another interesting quantity is the ratio 

Rs P (T) = T4#k - R(T) ■ ^ , (10) 
X D {T)p(T) a T =o 

where a sp is the spatial string tension. In the dilute Coulomb gas of mono- 
poles we have the following relations [9]: 

m D = A^, 1 = g M yfp , cr = — y/p, (11) 

9M 

which imply R sp = 8. Using results of Ref. [13] for the spatial string tension 
in hot gluodynamics, a sp (T), we get the quantity R sp as a function of the 
temperature, T, Figure 3(b). If the Coulomb picture works then R sp should 
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Figure 3. (a) Check of self-consistency: the ratio of the quantities R, eq.(6) obtained 
from the lattice monopole action and the monopole density; (b) Check of the dilute 
Coulomb gas picture: quantity R sp , eq.(10), obtained from the lattice monopole density. 



be close to 8. From Figure 3(b) we conclude that this is indeed the case at 
sufficiently large temperatures. 

5. Conclusion 

In order to describe the lattice monopole dynamics we have proposed to 
consider the lattice as a measuring device for the continuum monopoles. 
We have suggested that at high temperatures the static lattice monopoles 
can be described by a continuum Coulomb gas model. As a result we are 
able to draw the following conclusions: 



— The continuum Coulomb gas model can describe the results of the 
Monte Carlo simulations for the density and action of the lattice mo- 
nopoles. The dependence of these quantities on the physical sizes of 
the lattice monopoles is in agreement with the analytical predictions. 

— The parameters of the continuum Coulomb gas model obtained from 
investigation of the monopole density and action are consistent with 
each other and - at sufficiently high temperatures - with known results 
for the spatial string tension. 

— The lattice monopole action is dominated by the mass and Coulomb 
terms for, respectively, small and large lattice monopoles. 

— At sufficiently high temperatures the spatial string tension is domi- 
nated by contributions from the continuum static monopoles. 
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